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In this note we want to give some examples, obtained from Lagrangian field theory, for results derived by using more formal methods. These examples, when properly reinterpreted, serve as illustrations for these phenomenae.
We first want to focus on the relationship between rational critical indices and the presence of conformal symmetry in a field theoretical model , a problem which has been studied through several decades. A classical paper on this relation is the one written by Friedan-Qui-Shenker /1 where it is shown that the presence of conformal symmetry in statistical mechanical models forces the critical indices for phase transitions to be rational numbers. The conformal symmetry was put to the model through the commutation relations obeyed by the generators, the so called Virasoro algebra and the calculation was dependent on these commutations relations obeyed by the algebra. The models studied did not have explicit lagrangians. The correspondence with lagrangian models was through matching dimensions of known exactly solvable models . Here unitarity was the forcing constraint resulting in the rational values for the critical indices. When c, c being the coefficient of the central term in the Virasoro algebra, is greater than unity, we get field theoretical models instead of the statistical mechanical ones. In this case the unitarity condition does not impose new constraints; so, one gets a continuous set of solutions.
Previous calculations by Belavin-Polyakov-Zamolodchikov /2 showed the occurrence of rational indices explicitly in their conformal invariant models. The analysis, again, was not through starting with a lagrangian system. Both of these papers were working in two dimensional Euclidean spaces.
It is well known that the conformal group is much richer in two dimensions compared to higher dimensions. In two dimensions, it is infinite dimensional. When the space has a Euclidean metric, any function that obeys the Cauchy -Riemann equations is locally conformal invariant. If we use the definition of conformal symmetry as used in general relativity, being the transformation that keeps the light-cone invariant, we see that any metric in two dimensions can be put to this form easily. We can find a transformation that sends our former metric to the same metric times a function. This property is not true for higher dimensional metrics, though.
A stricker definition of conformal symmetry will be the one defined using group theory.
This definition coincides with the former one if the space is higher than two dimensional.
Here we take the conformal group as SO(d,2), where d is the dimension of space-time. The transformation is expressed as the full Poincaré group , scaling transformations where x µ goes to λx µ , here λ is a constant, and the special conformal transformations, where
The group has (d + 2)(d + 1) 2 2
parameters and
The special conformal transformations are generated by
where P µ is the generator of translations and I takes x to −x x 2 . The inversion is not a part of the connected part of the conformal group , except for free theories. . Using their result, we see that the conformal blocks of Belavin-Polyakov-Zamolodchikov are not local fields, but local fields can be constructed out of them by summing over blocks /4 . It was shown earlier /5 , that global conformal invariance is absent in a local field theoretical model unless the two-point function can be written as (x − x ′ ) −2n where n is a positive integer. In this paper two exactly solvable interacting models, as well as free fields were studied. The essence of the argument is the fact that R µ generates a kind of conformal "time" rotations /4 , and maps spacelike distances into timelike distances. Unless the two point function has support only on the light-cone, which is the case only when n is an integer, the special conformal transformation violates causality and the Wightman functions, therefore the whole theory is not invariant under conformal transformations.
When n is an integer, we get a theory which is unitarily equivalent to a theory which is made out of product of free fields /6 . Here what is meant by " non trivial field theories" is just a theory whose coupling constant is not zero. We know that this is not a sufficient condition for a model to be "nontrivial" /10 . There were attempts to carry out calculations for the electron-positron annihilation and electro-production processes, using Thirring model as the fundamental model describing these interactions /11 . The results were inconclusive, though. In the former case the cross-section was found to be proportional to a power of the transferred momenta. In the latter case the presence of generalized hypergeometric functions /12 made a clear interpretation not possible. Thus we could not check whether these processes, based on this conformal invariant model, gave results different from the free field case.
Schroer has shown recently /13 that conformal invariance, realized in Minkowski space, does not allow a particle interpretation unless one has a free field theory. One is led to a trivial theory by the vanishing of the LSZ limit /14 . Schroer also comments on /13 how the presence of conformal symmetry maps the long and short distance behaviour into each other, resulting in the coalescing of these these two points. All multi-particle thresholds collapse on top of each other resulting in anomalous dimensions. In the presence of anomalous dimensions, the LSZ limit vanishes, resulting in the loss of particle interpretation.
Examples of how conformal symmetry leads to a trivial theory were given earlier.
There were attempts to regularize conformal invariant models in d=4 by unconventional models /15 . These models were shown to give rise to trivial theories /16 in the sense that physical processes, calculated using such models, gave the free field result. In this reference, two physical processes, electron-positron annihilation and the quark-electron structure functions were calculated using the 1/N expansion . Recently there were papers on models where critical behaviour was studied for the emergence of black holes by the presence of scalar fields. For amplitudes of scalar fields which are less than a critical value, no black-hole exists. As the amplitude of the scalar field increases, there is a certain value beyond which we find a black-hole which swallows the scalar field. for the other. In this example, too, we see the mark of conformal symmetry, the hypergeometric functions.
In this note we gave examples of models exhibiting conformal invariance. 
